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The problem of stability of an incompressible  boundary layer  relative to a localized d i s tu r -  
bance is considered in a l inear approximation. It is shown that the stability analysis  reduces 
to the study of a d iscre te  spec t rum of eigenvalues of the corresponding boundary value 
problem. By means of numerica l  integration, analysis  of the charac te r  of the emerging  insta-  
bili ty is ca r r i ed  out for an unstable mode for the Mach number  M = 4.5. 

1. The problem of stability of a compress ib le  boundary layer  on a flat plate relative to a localized 
disturbance is considered.  The plate is located in the xz plane paral lel  to the incident flow; the velocity of 
the incident flow is d i rec ted  along the x axis. The equations of gas dynamics are l inearized relative to a 
small  deviation q f rom the s ta t ionary distribution Qs: 

Q (t) = Q~ + q (t) (1.1) 

For  the sys temofequa t ions  that is l inear  relat ive to q, we solve the Cauchy problem and study the 
asymptot ic  behavior  of the solution for t -~ ~r The analysis  is ca r r i ed  out with the following assumptions.  
The Prandt l  number  (Pr) and the rat io of the specific heats (7) are  considered to be constant; the state 
equation of an ideal gas is used. The dependence of the s ta t ionary distribution of velocity, t empera ture ,  
and density on x is neglected, and the flow in the nonperturbed boundary layer  is assumed to be plane- 
parallel .  

2. For  the assumptions just made (which are  usual for problems of stabili ty of boundary layers  
[1, 2]), the solution of the problem with the initial data is set up by means of the Laplace t ransformat ion  
with respec t  to t ime and the Four ie r  t ransformat ion  with respect  to the x, z coordinates  

Pc~ 
q. (y) := ~ e-p d t~q (x ,  y, z, t)e -~kr dr 

0 

kr ----- ~x ~- ~z, dr = dx dz (2.1) 

For  the amplitude q ,  (y) we obtain a nonhomogeneous sys tem of ord inary  differential equations of 
the eighth o rde r  which conveniently is wri t ten in matr ix  form brought to the normai  form 

q,'  = A (y) q, + ~ (2.2) 

The pr ime denotes differentiation with respec t  to y. The components of the matr ix  A and the vec tor  
are  presented in Sec. 5. The components ql, q4, %, q3, q7 of the vec tor  q .  are  the amplitude of the x, y, 

z dis turbances  - of the velocity, p ressure ,  and tempera tu re  components,  respect ively:  

q2 = ql', q6 ~ qs', qs = qT' 

The boundary conditions for (2.2) consist  of the conditions that the veloci ty components become zero 
and that the t empera tu re  and heat flow at y =0 a re  continuous 

ql(O) = q4 (0) = qs (0) = O, aqs(O)+ bqT(O) = 0 (2.3) 

and the conditions of boundedness of the amplitudes for  y ~ ~ .  By the method of var ia t ion of constants 
the general  solution of Eq. (2.2) can be writ ten in the form 
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q. (y) = W (y)(d + c (y)), 
Y 

c (y) = I W-~ (x) ~ (v) d~ (2.4) 
0 

o r  fo r  the  c o m p o n e n t s  

qn = X (d~ + ci) w,~i (n -- 1 . . . . .  S) 

"~' (2.5) I det W~('~) d~ 
ci = det W (T) 

0 

H e r e  W(y) i s  a c e r t a i n  f u n d a m e n t a l  m a t r i x  of  the  h o m o g e n e o u s  equa t ion  (2.2); W i i s  a m a t r i x  o b t a i n e d  
f r o m  W b y  r e p l a c i n g  the  i - t h  co lumn  b y  the  v e c t o r  ~ ; d i s  a c o n s t a n t  v e c t o r  d e t e r m i n e d  f r o m  the  b o u n d a r y  
cond i t i ons .  

We c o n s i d e r  t o g e t h e r  wi th  (2.2) t h e  h o m o g e n e o u s  n l i m i t i n g  n equa t ion  

~ '  = A (co) ~p (A (or = lim A (y)) (2.6) 
~]--*zo 

and i t s  f u n d a m e n t a l  m a t r i x  

H e r e  ~ i s  a n o t h e r  f u n d a m e n t a l  m a t r i x  of Eq. (2.6): 

(7I) = eUA(~) = Pe~gP -x 

whi le  P i s  a c o n s t a n t  m a t r i x  which  b r i n g s  A(~o) into the  c a n o n i c a l  f o r m  J .  The  c o l u m n s  of ~ f o r m  a s y s -  

t e m  of  l i n e a r l y  i ndependen t  s o l u t i o n s  of Eq.  (2.6): 

~ = p J ' , ~  (n = t ..... 8) 

w h e r e  X n a r e  t he  r o o t s  of  the  c h a r a c t e r i s t i c  equa t ion  

det (A (co) - -  ~E) : 0 (2.7) 

and  E i s  a unit  m a t r i x .  

I t  can  be shown (Sec. 6) t ha t  the  h o m o g e n e o u s  equa t ion  (2.6) has  s o l u t i o n s  which  a s y m p t o t i c a l l y  c o i n -  
c ide  f o r  l a r g e  y wi th  Cn. In the  r o l e  of  the  f u n d a m e n t a l  m a t r i x  W we t ake  a m a t r i x  made  up of  t h e s e  s o l u -  
t i o n s ;  h e r e  wj  ( j - t h  c o l u m n  of  W) wi th  j _< 4 a r e  i n c r e a s i n g ,  whi le  wi th  j > 4 t h e y  a r e  d e c r e a s i n g  s o l u t i o n s  
fo r  y - -  oo. Then  f r o m  the  cond i t i ons  of  b o u n d e d n e s s  in the  c a s e  of  y - -  oo it fo l lows  

co  00 

di = ~ det W~ (~) exp Sp A (s) ds d~ (~ .% 4) 
0 ~- 

H e r e  we have  t a k e n  into accoun t  the  f ac t  tha t  

cr 

d e t W ( y ) = d e t P e x p  - -  SpA(s)  ds 

F r o m  the  cond i t i ons  (2.3} i t  fo l lows  tha t  

det 6i_ 4 (~ > 4) 
di ~ det G 

( w l ~ ( O )  . . . w ~ ( O )  

= ~ (0) w ~  (0) 

~ '~  (0) w~s ( 0 )  

aw8~ (0)+ bwTs (0) awsa (0) + bw:8 (0) 

) 
The  m a t r i x  G l i s  o b t a i n e d  f r o m  G by  r e p l a c e m e n t  of the  i - t h  co lumn  b y  the  v e c t o r  ~ wi th  t he  c o m -  

ponen t s  
4 

~lj = - - ~  dlzj~ ( / -  l, 2.3, 4) 
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Z =  ( ~ , ~ ( o )  . . . w ~  (o )  \ 

w , ~  ( o )  w , ~  (0 )  ) w,~ (o) w,, (o) 

aYYsl (0)  -~  bw71 (0)  . . . aws4 (0)  ~ -  bYy74 (0)  ,. 

We f i n a l l y  can  w r i t e  

{ , --"a-?i'T exp SpA(s)d~ det WidT 

d l +  c i : oo 

det P o 

( i ~ i ~ 4 )  

det G~_a 
det G (5 ~ i ~8) 

The  i n v e r s e  F o u r i e r  and L a p l a c e  t r a n s f o r m a t i o n s  a p p l i e d  to  (2.5) g ive  the  so lu t i on  of  the  Cauchy  
p r o b l e m  

% = ~ i e~krdk I ept ~ (di-P ci)u'n~dp (2.8) 
$--iov i~l 

The pa th  of i n t e g r a t i o n  i n t h e  c o m p l e x  p - p l a n e  in t he  e x p r e s s i o n  (2.8) p a s s e s  on the  r i g h t  o f  a l l  s i n g u -  
l a r i t i e s  o f  the  func t ion  beh ind  the  i n t e g r a l  s ign.  Use of  the  L a p l a c e  t r a n s f o r m a t i o n ( a n d ,  hence ,  the  p o s s i -  
b i l i t y  of  c a r r y i n g  out such  a path) i s  c o n s i d e r e d  j u s t i f i a b l e  f r o m  a p h y s i c a l  v i ewpo in t  - a s m a l l  d i s t u r b a n c e  
cannot  g row f a s t e r  than an e x p o n e n t i a l  funct ion .  

3. The a s y m p t o t i c  e y p a n s i o n  of  the  so lu t ion  (2.8) in the  c a s e  of  t --* ~ is  o b t a i n e d  i f  we c l o s e  the  c o n -  
t o u r  of i n t e g r a t i o n  in  the  l e f t  h a l f - p l a n e  of  the  p p l a n e .  The  p r i n c i p a l  c o n t r i b u t i o n  to  the  e x p a n s i o n  (in the  c a s e  
of  i n s t a b i l i t y )  i s  p r o v i d e d  by  the  s i n g u l a r i t i e s  of  the  i n t e g r a n d  e x p r e s s i o n  l o c a t e d  in the  r e g i o n  R e  p > 0. 
The  s i n g u l a r i t i e s  can be of  two t y p e s :  b r a n c h i n g  po in t s  and p o l e s .  S i n g u l a r i t i e s  of  the  f i r s t  t ype  do not 
c o n t r i b u t e  to  i n s t a b i l i t y .  Since  wj a r e  a n a l y t i c  in Dj ( see  Sec.  6), i t  i s  su f f i c i en t  to  show tha t  b r a n c h i n g  
p o i n t s  of the  r o o t s  of Eq.  (2.7) a r e  l o c a t e d  in the  h a l f - p l a n e  Re p -< 0. The  d e t e r m i n a n t  in Eq.  (2.7) can  be  
found i f  we t a k e  into accoun t  the  fac t  tha t  Eq.  (2.7) c o n s i d e r e d  in r e l a t i o n  to  w =p + i n ,  v = k  2 -X  2 i s  d i s p e r -  
s ive  fo r  s m a l l  d i s t u r b a n c e s  in a g a s  at  r e s t :  

(ev~- 0)) 2 [ o ) ( e v +  30) /4 )  (ev-4- P r 0 ) / y )  + 3v (ev-~ Pr o ) ) / 4 7 M  2] = 0 (3.1) 

H e r e  e = l / R ,  R i s  the  R e y n o l d s  n u m b e r  of  the  inc iden t  f low a c r o s s  the  t h i c k n e s s  of  the  b o u n d a r y  
l a y e r ,  M is  t he  Mach n u m b e r  of the  i n c i d e n t  f low,  and k = ~/a2 + fi2. 

The c o o r d i n a t e s  of  b r a n c h i n g  po in t s  k (p) a r e  d e t e r m i n e d  f r o m  the  equa t i ons  

ek 2 ~ o) = 0 (3.2) 

[(Pr/y-p 3/4) o) ~- 3Pr/4e7~1212 _3Pr o) (o)-~- 3/4eyM2)/7 = 0 (3.3) 

o)(ek 2 ~- 3o)/4)(ek ~ ~- Pro)/7) -~- 3k2(ek 2 -~- Pro))/47 M 2 = 0 

S o l v i n g  t h e s e  e q u a t i o n s  fo r  w, we ob ta in  

O)I ~ - -  8t~2 

,3Pr Pr ~- 3/47 -- 3/2 ~- [3 (7 --  t) (Pr -- 0.75)] 1~ 
0)2,3 --  4eT3M 3 (Pr / T -- O. 75) 'z 

2 ( 3 (7 - -1 )  ~ 2 
o)~,5 y t -~ 4 ~ ~ + 0 (~) = -  )zk ~_i k 

r = - - e k  2 / ' p r  ~ - o ( e )  

(3.4) 

(3.5) 

(3.6) 

(3.7) 

(3.s) 
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The r o o t s  of Eq. (3.4) are  located in the left half-plane independently of e. This follows f rom the 
Hurwitz cr i te r ion  [3]. 

Thus, instability is corinected with the d iscre te  spec t rum of the boundary value problem (2.2), (2,3), 
and the principal  par t  of the asymptot ic  (t --~ .o ) expansion of the solution is wri t ten in the fo rm 

8 

qn = f dkeikr ~-~resm ( ept .~-~ (di -}- ci)w,~i) (3.9) 

The summation is ca r r i ed  out over the poles of the integrand express ion in (2.8) located in the right 
half-plane (if there  are  no such poles, then obviously q n "  0 for  t ~ ~ ). Since A, P, W, ~ are  analytic in 
the region p > 0, the expression (3.9) can be rewrit ten as 

q,=idR~ePm~+~kr Fn I (3.10) 
,g F /op .IP=P,,, 

8 

Fn = ~ w,,i det Gi,~, F = det G 

where Pm(k) are  the roots  of the equation 

F (R, k, p) -- 0 (3.11) 

We know [1, 2] that for R that is greater than a certain Rc, Eq. (3.11) has roots which satisfy in some 
region of the k-space the condition Re p > 0 [the expression (3.10) is written for the case of simple roots]. 
This means that the disturbance, having the form of a monochromatic wave, for R > R c will increase with- 
out bounds with the time. However, the asymptotic behavior of a localized disturbance can differ from the 
behavior of monochromatic components and, in spite of the growth of some of them, the disturbance in a 
finite region of space will die out because of the disturbance being carried down the stream [4, 5] (convec- 
tive instability). If, however, a localized disturbance grows with time within a finite region of space, then 
the flow is said to be absolutely unstable. The formulation of this problem is due to L. D. Landau and 
E. M. Lifshits [4]. The elucidation of the problem concerned with the character of the emerging instability 
reduces to the analysis of the asymptotic behavior of the integral in the expression (3.10) in the case t-* ~. 
We interchange the order of integration and summation in (3.10) and consider one term of the resulting 
se r ies  

~m F~ (3.12) J~ : d k e  Pmt-}-ikr DI,' / 01) 

p--3~ m 

integration is confined to the region ~ m  in which Re Pm -> 0. 

The asymptot ic  behavior  of  the integral depends on the cha rac te r  of location of the level lines R e P m =  
const in the complex k-plane. The possible cases  are  shown in Fig. 1 for two-dimensional  (p =0) d is tur -  
bances (zero level lines are  depicted). Figure l a  cor responds  to the stable case;  Fig. lb cor responds  to the 
case of convective instability, since we can place the path of integration into the complex plane so that 
along i t R e P m <  0 and J m ~ 0  for t---~ in the case of a fixed r. 

In the third  case (Fig. lc) for the est imate  of the integral we can use the c r o s s - o v e r  method [6], 
placing the path of integration so that it passes  through the saddle point in the direct ion of the steepest  
descent,  and for the integral  we obtain an est imate  f rom which it follows that for  t -* ~ it grows without 
bounds as  exp [RePm(O~0)t]/~ft ((~0 is the saddle point). The c r o s s - o v e r  method admits a di rect  genera l iza -  
tion for  the case of severa l  var iables  [7], and can be applied to three-d imens ional  dis turbances.  The condi-  
tion that absolute instability emerges  for  a certain R = R  a is writ ten in the fo rm 

Op,~ = O, Op,~ = 0, Re p,, -- 0 (3.13) 
O~ 0~ 

The f i rs t  two equations serve  for the determination of the coordinates  of the saddle point; the third 
signifies the condition of tangency of the ze ro  level line at this point. 

4. A concrete  investigation of the charac te r  of instability in a compress ib le  boundary layer  was 
ca r r i ed  out for the f i rs t  of the modes that a r i se  additionally in comparison with the incompress ible  case,  

for M =4.5 and T(0)=4.44. 
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F o r  an  i n c o m p r e s s i b l e  b o u n d a r y  l a y e r  on a f l a t  p l a t e  the  p r o b l e m  c o n c e r n e d  wi th  the  c h a r a c t e r  of  i n -  
s t a b i l i t y  w a s  c o n s i d e r e d  in [8] wi th  the  a s s u m p t i o n  tha t  the  R e y n o l d s  n u m b e r s  a r e  l a r g e  and,  c o n s e q u e n t l y ,  
on both b r a n c h e s  of the  n e u t r a l  c u r v e  the  w a v e  n u m b e r s  a r e  s m a l l .  T h i s  a l l o w e d  the  a u t h o r s  [8] to  use  ma 
a s y m p t o t i c  me thod .  In the  i n v e s t i g a t i o n  i t  i s  shown tha t  the  b o u n d a r y  l a y e r  of  B l a s i u s  is  c o n v e c t i v e l y  un -  

s t a b l e .  

F o r  a c o m p r e s s i b l e  b o u n d a r y  l a y e r  in the  c a s e  of s u f f i c i e n t l y  l a r g e  Mach n u m b e r s  the  m o s t  e f f e c t i v e  
m e t h o d  of i n v e s t i g a t i n g  the  s t a b i l i t y ,  a p p a r e n t l y ,  i s  a n u m e r i c a l  method ,  and  m o r e  so, s i n c e  in the  c a s e  
b e i n g  c o n s i d e r e d  in the  p r e s e n t  w o r k  both a s y m p t o t e s  of the  n e u t r a l  c u r v e  a r e  n o n v i s c o u s .  A d i r e c t  c a l c u -  
l a t i on  of the  l e v e l  l i n e s  R e p  =0 w a s  c a r r i e d  out fo r  a s e r i e s  of  v a l u e s  of the  R e y n o l d s  n u m b e r .  The  c a l c u l a -  
t i o n s  w e r e  c a r r i e d  out fo r  t w o - d i m e n s i o n a l  d i s t u r b a n c e s  by  a me thod  tha t  i s  a n a l o g o u s  to t ha t  u s e d  in [9]. 
In F ig .  2 we have  p r e s e n t e d  the  n e u t r a l  c u r v e ,  whi le  in F ig .  3 we  have shown the  z e r o  l e v e l  l i n e s  f o r  the  
R e y n o l d s  n u m b e r s  550, 1140, 3000, m a r k e d  by  the  c u r v e s  1, 2, 3 , r e s p e c t i v e l y .  F r o m  the r e s u l t s  of the  
c a l c u l a t i o n  we s e e  tha t  the  i n s t a b i l i t y  a r i s i n g  when t h i s  mode  is  e x c i t e d  is convec t i ve .  

5. The  m a t r i x  A(y) has  the  fo l lowing  n o n z e r o  c o m p o n e n t s .  By u, T,  p, ~ we  have  de no t e d  the  d i m e n -  
s i o n l e s s  (in r e l a t i o n  to the c o r r e s p o n d i n g  v a l u e s  of  the  p a r a m e t e r s  of  the  inc iden t  flow) d i s t r i b u t i o n s  of  the  
l ong i t ud ina l  v e l o c i t y ,  t e m p e r a t u r e ,  d e n s i t y ,  and  v i s c o s i t y  in the  b o u n d a r y  l a y e r .  

z ~ = p  + iu ,  ~ = t / y M  2 ~ - 4 I ~ z / 3 R  

al~ = t ,  a~l = p R o ~  bt + k 'z, az2 = - -  9 '  / bt 

a ~  = ia (R / @~M 2) + s / 3), a..,., = p R~' / ~ + ia (In (p',"~ / ~))' 
a27 = - -  i o ; s  / (3T) - -  (~ 'u '  / T')'  / 9, a2s = - -  u'lx' / (biT') 

a3t = 2 i~r (In (p~~ / p))' / (/tqD), as2 = - -  i~xbt / (Be) 
ass = 4 ~ts (In (p / kto))' / (3Rq~) 

a3~ = - - p s  / q~ - -  ok ~ / (Rq~) + 4 ~t 9 '  (In (p 2 / ~ 9 ' ) ) ' / ( 3 p  Re?) 

a3~ = 2i[3b~ (ln (9":~ / 9))' / (Rq~), aar = - -  ifi~t / (Rq~) 
aa7 = i a u ' ~ t '  / (RT '~9)  + 4 ~  (in ~ ) '  / (3TRqo) 

a3s = 49~ / (3TRq~), a ~  = i~ ,  a43 = - - s ,  a~4 = - -  P '  / 9 

a 4 ~ =  - -  i~ ,  a , :  = s /  T, a~6 = t ,  a63 = ifi ( R / ( v ~ M  ~) + z / 3 )  

an4 = i~ ( l n ( 9 ' . . / ~ ) ) ' ,  a s s = R g s / ~ - + - k  ~ 
ass = - -  ~t' / ~ ,  a67 = - -  i ~ s  / (3T),  a~s = l 

as~ = - -  2 P r  ( 7 - -  I) MZu ', ass = - -  ( 7 - -  t) P r R z / ( 7 9 )  
as~ = P r R p T  ' / p~ - -  2 i a  Pr (7 - -  t) M'~u ' 

as~ = P r p R s / ~  + k  ~ -  u " / ~ t - -  Pr ( 7 - -  I)  M 2 u ' ~  ' / ( ~ T ' )  

ass = - -  2~'  / 
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The nonze ro  c o m p o n e n t s  of  the  v e c t o r  ~ a r e  

~ -=-- - -  (pRqRl* / ~t -]- iar~ ~ / 3p) 

~3 = pq~4 ~ / (P -~ 4 ~tr~ ~ (in (~trK ~ / (3R pq~) 

~4 = r~ ~ /p ,  ~8 = I lq~~ ~ -1- i~r~  / (3p) 

~8 - ~Rpq~ / ~ -t- ~/t (~, - -  1) q~3 ~ / (~,~) 

qk '~=i (2np  J ~e-~kr"~(t=O) dr'  rk ~  - - T ]  

6. The  h o m o g e n e o u s  equa t ion  (2.2) can be wr i t t en  in the f o r m  

q' = A (oo) q -1- t l  (y)q 

The  m a t r i c e s  A(y), A (co) a r e  ana ly t i c  in p in the r eg ion  

(6.1) 

{ 3R } D = Rep ~ 4y~P~* ' ] p[ ~ co (IL. ~ max Ix) 
O ~ y <  cr  

It is  r e q u i r e d  to show tha t  t h e r e  ex i s t  so lu t ions  c0j such tha t  

lira (wje-~J ~ - -  pj) = 0 (6.2) 

f o r  p ~ D. About  R(y) we a s s u m e  the  fol lowing condi t ions  of  i n t e g r a t a b i l i t y  [10]: 

; e~y II R (y)]1 dy ~ co (6.3) 
0 

f o r  any  co > c0 >- 0, p ~ D. The  n o r m  [[ R (y) [[ i s  d e t e r m i n e d  jus t  a s  in [11]. 

We c o n s i d e r  the  i n t eg ra l  equa t ion  

c~ 

q ---- ~J - -  I (1) (y - -  T) R (~) q (~) dr (y >/y0 >/0) (6.4) 
Y 

By subs t i tu t ion  we v e r i f y  tha t  i f  wj s a t i s f i e s  (6.4); then  

w~' = A  (y) w~ 

The  solut ion  of Eq. (6.4) can  be cont inued into the  r eg ion  y < Y0 as  a so lu t ion  of Eq.  (6.1). By a me thod  
ana logous  to tha t  used  in [11], us ing  (6.3) we  can show tha t  Eq~ (6.1) has  a so lu t ion  wj tha t  s a t i s f i e s  the  c o n -  
di t ion (602). Since the  m a t r i x  d R / d p  a l so  s a t i s f i e s  the condi t ion (6.3), we  a n a l o g o u s l y  can show tha t  the d e r i v  
a t ive  dwj /dp  ex i s t s  and is  unique fo r  p ~ Di H e r e  D - = D - F . ;  Fj  i s  a s e t o f s e c t i o n s  which a r e  such tha t  J" ~)j l 
1 j (13) is  a s i n g l e - v a l u e d  b r a n c h  of  the  funct ion ~ (p) in . 

The  au tho r  is  g r a t e fu l  to  V. V. S t r u m i n s k i i  f o r  h is  i n t e r e s t  in th i s  work ;  he is  g r a t e fu l  to L. B. Alz in  
f o r  use fu l  d i s c u s s i o n  of  the  sub j ec t s  b r o a c h e d ,  and to  A. A. Mas lov  f o r  the  g r e a t  help in c a r r y i n g  out the  
n u m e r i c a l  ca l cu la t ions .  
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